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Abstract 

We investigate BPS properties of the charged soliton solutions of D-brane world- 
volume theory, which is described by the supersymmetric Dirac-Born-Infeld action, by 
means of the N = 2 target-space supersymmetry algebra. Our results agree with those 
obtained previously. We also extend our BPS analysis to the case where axion back- 
ground exists. 
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D-branes play an important role in non-perturbative physics of superstring |], @]. 
Their dynamics are described by the supersymmetric Dirac-Born-Infeld (DBI) action 
P, £|, §, H 0|, which have the worldvolume reparametrization invariance, U(l) gauge 
symmetry, /t-symmetry ( all of them are local symmetries ) and the global N = 2 target- 
space supersymmetry as well. The algebra of the Noether charges associated with the 
global supersymmetry was calculated by making use of the Poisson bracket and explicit 
form of the central charges, which are present in the algebra, was given || |9], [10] [] . 



The DBI theory is known to admit soliton solutions [12|, [L3| |14|1 , some of which carry 
the electric and/or magnetic U(l) charges. Their BPS properties that they are invariant 
under portion of supersymmetry transformation have been discussed by several authors 

m ra, m, m . 



In this letter, we consider this issue from the viewpoint of the target-space supersym- 
metry by making use of the result of || |, [lOfl . Our results agree with those obtained 



previously. 

Our analysis will be performed only in the type IIB D-brane theory. For type IIB 
theory, we can turn on axion background field [0. We calculate the central charges 
which include the effects of the background, and use these results in our BPS analysis 
of charged soliton solutions. 

Let us briefly review the type IIB super D-brane actions in the flat background 
P> El> El- They are described by the target-space vector X m , two Majorana-Weyl spinors 
Q\ (A = 1, 2) with the same chirality and the world-volume U(l) gauge field (/i = 
0, 1, ...,p) . The action decomposes into two parts 

S = J d p+1 aC DBI + J L wz . (1) 

The first term is the supersymmetrized DBI action 



Cdbi = -e-y-det(G^ + (2) 
where is constant dilaton background field. G^ u and are defined as 

G^u = n™n^ m (3) 

= F, u - {9r 3 T m d,9(U^ + Uv m d u e) - (ji <- u)} (4) 

where II™ = d^X 171 — O^d^O , F^ u = d^A^ — d u A IJi and r's are the Pauli matrices which 
act on index A = 1,2 . The second term is the Wess-Zumino (WZ) term, the definition 
of which is given in [Q, |j] through its derivative 

dL wz = e'^de Sendee* 

Tt2l+1 



1 Before [g, II |l(J , the existence of the central charge in the supersymmetry algebra was shown for 
the M-5-brane theory JT1 . 
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while the integral form is given in || . 

The global supersymmetry transformation laws are 

5 t 6 = e 
5 t X m = eT m 6 

6 A = eT 3 T m 6dX m -Ur^O (6) 

o 

where V m = (9T m d9) + t^Ot^T™ d9) . Under this transformation, the action is invariant 
up to total derivative. The corresponding Noether charge, which generates the transfor- 
mation (!]), is 

Qe = J d p a( Pm 5 e X m + (5 e d + E a 5 e A a ) 

-e~t> j dv<j[q% 
= Qie + Q 2 e. (7) 

where p m , ( and E a are the conjugate momenta of X m , 6 and A a (a = 0, 1, ...,p — 1) . 
The second term arises from the variation of the WZ term 

5 e L wz = e^dtfA. (8) 

The explicit form of q\ is given in M. In (|7|), [qf\ p denotes the coefficient of spatial 
p-form q\ . 

The Poisson bracket of (0) is calculated in || || [10(] , where it is found that the central 
charges appear in the algebra. For bosonic configuration (6 = 0), their result is 



{QaA-, Q/3b} = -2{CT m ) a(3 5 AB Jd p ap m 

-2(r 3 ) AB (Cr m ) al3 J d p ad a X m E a 



-{rj) A B{CY M )J-^{l + {-)*»+') J <Fa[Uf] v (9) 

The third term, precise form of which is given in |J, comes from {Qi, Q2} and {Q2, Qi} 
, while the first and second terms arise from {Qi,Qi} ■ Note that Q 2 includes no conjugate 
momentum, so {Q2, Q2} has no contribution. For p = 1, 3 cases, the third terms are 



2e-*iCr m ) aP iT X ) A B J dadX m = {CT m ) ap ( Tl ) AB Z™ 



(10) 



and 



2e^(CT m ) Q/3 (r 1 )^ / d 3 ae abc d a X m d b A c 

+ ^| r (CT mimarna ) ajB (zr 2 ) Afl J d 3 ae abc d a X m ^d b X m 'd c X^ 

= {CTmUWABZ? + (CT mim2m3 ) a ^T2) AB Z^ m ^ (11) 
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respectively. Here we defined Z™ and Z™ by fllCf ) and (PI) . Also we define as 

Z 3 m = -2 y <Pad a X m E a . (12) 



Usually the second term of (|| 
because of the Gauss law d a E a 
e abc dhA r . However, as shown in [1121 |13 



and the second term of (|lT|) are total derivative terms, 
= and the Bianchi identity d a B a = where B a = 
nj, they can be 5 function valued quantities, 



so they represent electrically and/or magnetically charged configurations. In order to 
make the configurations BPS saturated, they must be accompanied by excitations of 
some scalar fields. In [12], 13 1, their BPS properties are shown for the linearized theory. 

Also, in 







I|J, the Bogomol'nyi 



The proof for the full non-linear theory is given in 
inequalities are derived by Hamiltonian analysis of the bosonic sector. 

Now, we consider this issue, from the viewpoint of the target-space supersymmetry 
algebra (0). We start with p = 1 case. For p = 1 , the electric BPS configuration is given 



[0 



E 1 = -q for a < 

for a > 

X 9 = -e^qa for a < 

for a > 



(13) 



and X 1 = a l {i = 0, 1) . The Gauss law is modified to d\E l = q5(a) . This configuration 



represents the 3- string junction [18 



The 3-string junction 

Here, we assumed that the electric charge sits at the origin and that X 1 direction com- 
pactifies to —1% < X 1 < li . Also, we add fundamental string (F-string) along X 9 
direction by hand, in order to interpret the electric charge on the D-string as the end- 
point of it . We will use — X 9 (0) to denote the length of the attached F-string. 

2 This "extra" F-string was introduced in jL7| , and its justification was discussed in [|l9| . 
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For this configuration, non- vanishing charges are 



Z\ = -2g(-X 9 (0) + eV 2 ) 
Z\ = -2ql 2 

Z\ = 2ql 2 (14) 

and P° = J dap . Note that X° = a , so P° is the energy. Replacing the Poisson 
bracket with the anti-commutator ( divided by i ) , we get the Bogomol'nyi inequality Q 

< {4(P°) 2 - {Z\ + zlf - (Zf - z\fY 

{4(P 9 ) 2 - {Z\ - Zlf - {Z\ + Z\f}\ (15) 

From (|I~4"D, we see 

Z\ + Z\ = (16) 



so fll5|) reduces to 

2P° > Z| - Z 3 9 . (17) 

The bound is the same as (twice) the energy of the configuration (13), so this is | 
supersymmetric marginally BPS state. 

To understand the meaning of the relation flT5j), we return to the integral form 

Z\ = 2e^ / daOX 9 

J — 1' 2 

Z\ = -2 f dadX 1 E 1 . (18) 



From this, ( p!6|) implies X 9 = —e^E 1 a , which is exactly given in ([ID . The slope -e^E 1 



is necessary for the tensions of the constituent strings to balance, as shown in [ 17 1 . So 
we see that the tension-balance condition is needed for the solution to be marginal. 

Due to being marginally BPS state, the energy of the 3-string junction is the sum of 
the masses of 3 strings, that is, (0, l)-string, (q, 0)-string and (q, l)-string |T9L 



po = e -% + g(-X 9 (0)) + T q i—^— (19) 

cos a 

where T a i = J e~ 2 ^ + q 2 and cos a = , 1 . 

In type IIB theory, we can turn on axion background field. It is known that, under 
this situation, the tension-formula of the (q, ^)-string [] is changed to SL(2, Z)-covariant 



form plj . So it is interesting to extend our BPS analysis to the case with non- vanishing 



axion background. 



3 The charge conjugation matrix C is defined as C — iTo , so no factor i emerges in the R.H.S. of 
the Bogomol'nyi inequality . 

4 Usually, called (p, g)-string. 
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We restrict our analysis to the theory with constant background, where the D-brane 
action is invariant under the same supersymmetry transformation as M). In this case, 



the action is supplemented by a total derivative term [|T6 

S = daC 



DBI 



+ L 



C F 



(20) 



where the first and second terms are the same as (|j) and (|5|) , and Co is axion. 

The supersymmetry algebra is supplemented by a Co-dependent term, and then the 
form of the central charge is changed ( see Appendix A ) 



2e 



dadX m 
dadX m E l - 2C n / dadX r 



(21) 



The solution for this case is given [XT] ( see also Appendix B 

X 9 = e*(-g + C )a for a < 

e^C CT for a > 

E 1 = -q for a < 

for a > 0. 

X 9 



(22) 



From (0) , (^) 




zl 



The modified 3-string junction 



2e~% + 1 2 ) 

-2e*C%h ~ 2e*(C - q)% + 2qX 9 (0) 
2C (k + h) - 2ql 2 
2ql 2 - 2C (h + h) 



(23) 



so we find Zf + Z\ = , then the Bogomol'nyi inequality reduces to 2P° > Z\ 
again. This inequality is saturated by the configuration (|22|), so this is \ supersymmetric 



7 9 
Z 3 
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marginally BPS configuration, and the energy is the sum of the masses of constituent 
strings 

P° = T ,i-^ + T 9i0 (-X 9 (0)) + (24) 



cos (3 



where T 0>1 = JC 2 + e~ 2 ^ , T 9 , = q , T £ 



cos a 



y.l 



(Co — q) 2 + e~ 2<? > and cos a 



cos /3 



X /l + e 20( Co _g)2 



, which agree the Schwarz's tension formula in the presence of axion 



background [21 



Next, we turn to p = 3 case. This theory admits electrically and magnetically charged 



solution [r2|, [13], [L4|] , which is called BI Dyon. The BI Dyon solution is given as 

E a 



9 ,a 



e 2( V + g 2 



(25) 



and X M = <J^{[i = 0, 1, 2, 3) , where f a denotes the unit vector in the r a direction. 

t X 9 




The BI Dyon 

X 9 diverges at the origin, where the electric and magnetic charges sit. The Gauss law 
and the Bianchi identity are modified to d a E a = q5(r) , d a B a = g5(r) . 
For this configuration, non-vanishing central charges are 

Z\ = -2e-*gX 9 (0) 
2qX 9 (0) 



2e 



d 3 a. 



The Bogomol'nyi inequality is 

< [(4P ) 2 



m 2 y i + ^(z 9 ) 2 + (z 9 ) 2 } 2 ] 8 



[(4P ) 2 - {(z 2 123 a - J {z 9 ) 2 + (z 9 ) 2 }^ 



The configuration saturates this inequality 

P° = I 



jZ™/i + ^(Zt) 2 + (Z$) 2 } 
e-+ J d 3 a + yV + e" 2 V(-^ 9 (0)) 



(26) 



(27) 



(28) 



The first term is the mass of the D-3-brane and the second term is the mass of the 
(q, g)-string, so this represents | supersymmetric marginally BPS state. 

Again we return to the case where axion background exists. The action is ||16 

S = J d 4 aC DBI + Jl wz + J ~C FF. (29) 

Cdbi and L wz are same as (0) and (||) . The form of Z™ is changed 

Z 3 m = -2 J d 3 ad a X m E a + 2C J d 3 ad a X m B a , (30) 

while and Z 2 mimam3 are unchanged. 

For this background, the BI Dyon solution is ( Appendix B ) 

E a = -^—J a 
Airr 2 



x , = ^( q -c o9 y + 9 i 

Non- vanishing components of the central charges are 

Zl = 2(q-C g)X 9 (0) 
Z\ = -2e-*gX 9 (0) 

Zl 23 /i = 2e^a J d 3 a. (32) 

From (0),© 

P° > e"* J d 3 a + ^/( q -C og y + e^g 2 (-X 9 (0)). (33) 

Again, the second term is the mass of (q, g)-string. The inequality is saturated by the 
solution ( 51 ) , so this is | supersymmetric marginally BPS state. 



In this letter, we investigated BPS properties of the charged solitons of the D-brane 
worldvolume theories, from the viewpoint of the target-space supersymmetry. Our results 
agree with those obtained previously. We also extended our BPS analysis to the case 
where axion background is turned on. 

In our analysis, we used the Poisson bracket algebra of the supersymmetry charges. 
Of course, the classical counter-part of the (anti-)commutator is the Dirac bracket, so 
our analysis is not complete. Here we assumed that the forms of the central charges are 
unchanged when they are calculated by using the Dirac bracket. 

Finally, we comment on future analysis. The 3-string junction as a solution of the 
D-string worldsheet theory is not symmetric, in the sense that one of the strings is 
necessarily a F-string ( the end of which is the electric charge on D-string ) . Recently, 
the SL{2, Z)-covariant string action was proposed |2^, ^3] . It will be interesting to 
construct the (charged) soliton solutions of this theory, because we expect to obtain 
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symmetric 3-string junction solution [] . In the theory of [^, [23|,the tension is a dynamical 
variable. Theories of this type for general p > 1 were also constructed [ 25] , |2"6| . It will 
be also interesting to find their soliton solutions. To examine their BPS properties in 
the way we took in this article, we need to calculate the Poisson bracket algebra of the 



supersymmetry charges. The results will be reported elsewhere J27 
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Appendix A 

In type IIB theory, we can include non-vanishing axion background [16 . The action 
can be written collectively for any odd p 

S = J d p+1 aC DBI + Jl wz + Jl f 

C e- F . (34) 

For any variation of A , the variation of Lp is 

5L F = J d[-C 5Ae- F ] - J Co5AdFe~ F . (35) 

For singular configuration of A , dF is non-vanishing, so the second term could be 
non-zero. However, for the supersymmetry transformation, if we set the configuration 
bosonic (9 = 0), the second term vanishes. So, for bosonic configuration, the action fl^H]) 
is invariant up to total derivative under the supersymmetry transformation as (|6|) . The 
corresponding supersymmetry charge is 

Qe = Q x e + Q 2 e + Q 3 e (36) 

where 

Q 3 e = C J dPa[8 e Ae-% (37) 

and Qi , Q 2 are same as (^) . 

The supersymmetry algebra is calculated as 

{QaA, Q/3b} = -2(CT m ) al3 6 AB J d p ap m 

-2(r 3 ) AB (CT m ) aP J d p ad a X m E a 

-(rj)AB(CT M U 2 -^(l + (-r^) J d p a[Uf] p 
-2C (CT m ) a p(r 3 ) AB J [dX m e-%. (38) 



5 In pij , the SL(2, Z)-covariant string theory with the source terms of the worldsheet gauge fields 
was considered, and the configuration, which represents the 3-string junction, was found. 
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As mentioned above, we set the configuration bosonic f\ . The fourth term comes from 
{Qi,Qs} and {Q3,Qi} , which changes the form of Z™ . Note that Q2 and Q3 contain 
no conjugate momentum. From this, we see immediately fl2~T|) , fl30|) . 

Appendix B 

In this appendix, we derive the 3-string junction solution for p = 1 and the BI Dyon 
solution for p = 3 , in the presence of axion background. To find the solutions, we use a 



method based on Hamiltonian formalism, which is same as the one in JT4 



We are interested in bosonic configuration, so we consider bosonic theory from the 
beginning. The bosonic action is 

S boson = - J d p+1 ae-^-det(G, lu + F^) + J C e~ F . (39) 



The constraints are 



T a = p m d a X m + E b F ab ^0 

H = ^-{p2 + E a G ab E b + e- 2<t> det(G ab + F ab )}^0 (40) 

where E a = E a - |§£ . If we replace Cf with Cwz , these are quite similar to the 
bosonic constraints in || [L0 . 



Now we take the static gauge X M = <r M , moreover configurations are assumed to be 
static, that is, X % = and Pi = ( • denotes time derivative ) . So ([40]) reduces to 

(p ) 2 = E c E d F ac F bd 6 ab + E a E b G ab + e~ 2 Uet{G ah + F ab ). (41) 

For p = 1 case, where the configuration is automatically pure electric (F ab = 0) , we 
have 

( p y = (E) 2 {l + (dX 9 ) 2 } + e- 2 *{l + (dX 9 ) 2 } 

= {e' 4, ± EdX 9 ) 2 + (E t e'^dX 9 ) 2 (42) 

where E = E + Co . Here we assumed that only one scalar field (X 9 ) is excited. From 
this, we see that if E = ±e~^dX 9 , the energy is minimized. Taking into account the 
modified Gauss law BE = q5 , we obtain the solution ( |22|) . 

Next we turn to p = 3 case, where we can have electric-magnetic solution. We rewrite 
(HD as 

(p ) 2 = (Ex B) 2 + e- 2<t, {l + (dX 9 ) 2 + B 2 + (B- OX 9 ) 2 } + E 2 + (E ■ OX 9 ) 2 
= (Ex Bf + {e~^ + smuj(E ■ dX 9 ) + cos 0^(5 ■ dX 9 )} 2 
+ (E - sinwe-^X 9 ) 2 + (e^B - cosudX 9 ) 2 

+{cosu(E ■ dX 9 ) - smue^(B ■ dX 9 )} 2 (43) 

where E a = E a — CoB a . The energy is minimum, when E a = smue~^d a X 9 and 
B a = cosud a X 9 . Together with the modified Gauss law d a E a = qS and the modified 
Bianchi identity d a B a = g5 , ( |43"D leads to the solution ([31]) . 

6 It should be noted that, when we calculate the algebra, we must keep the terms up to the first 
order in 9 in the supersymmetry charge (56h . 
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